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1. Introduction and basic concepts
The set C(X) of all real-valued continuous functions on a Tychonoff space X has a number of natural topologies, amongst
which the compact-open topology k occupies an eminent place. The compact-open topology is a locally convex topology and
the corresponding locally convex space is denoted by Ck(X). This topology, since its introduction in 1945 by Fox [10], has
been extensively studied by many people from the view point of topology as well as from the view point of the dual space
of Ck(X). This dual space of Ck(X), denoted by M(X), can be identiﬁed with the set of all regular ﬁnite Borel measures
on X with compact support. It is no wonder that the people working in topology as well as in topological measure theory
have shown frequent and keen interest in Ck(X) as well as in its dual M(X). In order to make the goal of the present work
clear, we need to focus, for a while, on this dual space. First we note that C∗(X), the collection of all bounded functions
in C(X), is dense in Ck(X). Hence M(X) can also be considered as the dual space of C∗k (X), the space C
∗(X) equipped with
the topology k.
The supremum norm on C∗(X) generates a Banach space denoted by C∗∞(X) which has topology ﬁner than the
compact-open topology. Let M∞(X) be the dual space of C∗∞(X), that is, the Banach space of all continuous lin-
ear functionals on C∗∞(X) with the norm given by ‖λ‖∗ = sup{|λ( f )|: f ∈ C∗(X), ‖ f ‖∞  1} where λ ∈ M∞(X) and
‖ f ‖∞ = sup{| f (x)|: x ∈ X}. As shown in [17], the natural map L : M(X) → M∞(X) is a linear injection where L is de-
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map. Thus we may consider M(X) as a normed linear space with the norm given by ‖λ‖∗ = ‖L(λ)‖∗ . In [17], the com-
pleteness of this normed linear space was studied, but no single condition which is necessary as well as suﬃcient for the
completeness of M(X) was found there. After the publication of [17], there have been several works in order to ﬁnd such
a single condition, but their approaches and directions have been different. In [15], Kundu has pointed out that it is essen-
tially a problem of ﬁnding a suitable topology for C∗(X). Here we note that a necessary condition for the completeness of
M(X) is that C(X) = C∗(X). In [18], the completion of M(X) itself has been found while in [21], there has been found a
single condition which is equivalent to the completeness of M(X). But in order to understand this condition, we need to
bring the support sets into focus. It is also necessary in order to explain as well as to understand the signiﬁcance of the
support-open topology on C(X). In this paper our goal is to study the metrizability and completeness of this topology in
detail.
If λ ∈ M(X) and A ⊆ X , then λ is said to be supported on A if whenever f ∈ C(X) with f |A = 0, then λ( f ) = 0. The
set Kλ , deﬁned by Kλ =⋂{K : K is compact in X and λ is supported on K }, is compact; and Kλ is nonempty if and only if
λ 	= 0. Now Kλ is called the support of λ and is the smallest compact set on which λ is supported.
An element λ of M(X) is called positive provided that λ( f )  0 for all f ∈ C(X) with f  0. Let M+(X) = {λ ∈ M(X):
λ is positive}. It is easy to see that if λ is positive and f  0 on Kλ , then λ( f ) 0. Also every element λ of M(X) can be
written as λ = λ1 − λ2 where λ1, λ2 ∈ M+(X).
We call a space X to be a support space provided that X = Kλ for some positive element λ of M(X). If a subspace Y
of X is a support space, then we call Y a support set in X . In particular, Y is a support set in X if and only if Y = Kλ
for some positive element λ of M(X). We denote the family of all support sets in X by spt(X). It has been shown in
[13, 7.6.1 and 7.6.5] that a space X is a support space if and only if X is compact and there exists a regular ﬁnite Borel
measure on X which is strictly positive on each nonempty open subset of X . In [21], it has been shown that the norm
deﬁned earlier on M(X) is complete if and only if the closure of every countable union of support sets in X is a support
set in X . Actually this is equivalent to the condition that every countable union of support sets in X has compact closure
in X . This characterization of the completeness of M(X) depends on a topological characterization of a support space, which
was given by Kelly in [14]. For each nonempty ﬁnite family F = {U1, . . . ,Un} of nonempty open subsets of X , deﬁne calF
to be the largest integer k such that
⋂{Ui: i ∈ S} 	= ∅ for some S ⊆ {1, . . . ,n} with card(S) = k. Then for each family
U of nonempty open subsets of X , deﬁne κ(U) = inf{(calF)/n: n ∈ N and F = {U1, . . . ,Un} ⊆ U}. Now we say that X
has property K provided that the set of all nonempty open subsets of X can be written as a countable union
⋃∞
n=1 Un
where each κ(Un) > 0. Now a space is a support space if and only if it is a compact space having the property K , see
[7, Theorem 6.4]. In [7], the property K has been called the property (∗∗). The property K lies in between the separability
and the countable chain condition (abbreviated to ccc).
Also like separability and ccc, the property K is preserved by open subsets, by countable unions, by closures and by
continuous images. For these results see [7, pp. 34, 35 and 127], or [21].
It is clear that in the study of M(X), the family spt(X) of all support sets in X , instead of the family K(X) of all compact
subsets of X , plays the key and pivotal role. Actually the importance and role of spt(X) in the study of M(X) is much wider
since a positive linear functional over C(X) is in M(X) if and only if λ is supported on a compact subset of X . Consequently
it can be shown that an element λ of M∞(X) is in M(X) if and only if λ is supported on a compact subset of X . In view of
the importance of the family spt(X) in the study of M(X), a new topology on C(X), called the support-open topology, was
introduced and studied in [16] in order to have a more clear understanding of spt(X) as well as to emphasize the importance
of spt(X) while studying M(X). The support-open topology on C(X), denoted by s, is a locally convex topology generated by
the collection of seminorms {pA: A ∈ spt(X)} where pA( f ) = sup{| f (x)|: x ∈ A}. The locally convex space C(X), equipped
with the topology s, is denoted by Cs(X). Actually this locally convex topology is also the topology of uniform convergence
on support sets. This can be easily veriﬁed by noting that for each f ∈ C(X), the collection {〈 f , A, 〉: A ∈ spt(X),  > 0}
forms a neighborhood base at f in Cs(X); where 〈 f , A, 〉 = {g ∈ C(X): | f (x) − g(x)| <  for all x ∈ A}. In particular, for
A ∈ spt(X) and  > 0, 〈 f , A, 〉 is open in Cs(X).
In [16], among other properties, the metrizability and (uniform) completeness of this new topology were studied. In this
paper, we want to study these two properties in extensive details. Actually in Section 2 of this paper, we study the metriz-
ability in a broader context of submetrizability and ﬁnd several more conditions which are equivalent to the metrizability
of this new topology on C(X). In Section 3, we study various kinds of completeness of this topology such as complete
metrizability, Cˇech-completeness, local Cˇech-completeness, sieve-completeness and partition-completeness of Cs(X). Since
Cs(X) is a locally convex space, we also look at the barreledness of Cs(X). In Section 3, we also study specially the almost
Cˇech-completeness and pseudocompleteness of Cs(X).
Throughout this paper, one ground rule is whenever X and Y appear, they are Tychonoff spaces (though we may specify
that X and Y have additional properties). The constant zero function deﬁned on X or on Y is denoted by 0. When the
compact-open and support-open topologies on C(X) coincide, we write Cs(X) = Ck(X). The symbols R and N denote the
spaces of real and natural numbers with the usual topology respectively. Also βX denotes the Stone–Cˇech compactiﬁcation
of X and N∗ = βN \N.
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In this section we study the metrizability in the broader perspective of submetrizability. So we begin this section with
the study of submetrizability of Cs(X). But in order to do it, ﬁrst we need a couple of results.
Proposition 2.1. Let f : X → Y be a continuous map between two spaces X and Y . Then the induced map f ∗ : Cs(Y ) → Cs(X),
deﬁned by f ∗(g) = g ◦ f for all g ∈ C(Y ), is continuous.
Proof. Note that if A is a support set in X , then f (A) is a support set in Y and f ∗(〈g, f (A), 〉) ⊆ 〈 f ∗(g), A, 〉. 
In order to have the next result, we need the following “sum function”. Let {Xα: α ∈ Λ} be a family of topological
spaces. If
⊕
Xα denotes their topological sum, then the sum function s is deﬁned by s : C(⊕ Xα) → Π{C(Xα): α ∈ Λ}
where s( f ) = 〈 f |Xα 〉 for each f ∈ C(
⊕
Xα). Note that for any topological space Y , a map f :⊕ Xα → Y is continuous if
and only if f |Xα is continuous for each α ∈ Λ.
Theorem 2.2. Let {Xα: α ∈ Λ} be a family of spaces. Then the sum function s : Cs(⊕{Xα: α ∈ Λ}) → Π{Cs(Xα): α ∈ Λ} is a
homeomorphism.
Proof. It is easy to see that s is a bijection. Now we note that A is a support set in
⊕
Xα if and only if A ∩ Xα = ∅ for all
but ﬁnitely many α ∈ Λ and every nonempty intersection A ∩ Xα is a support set in Xα .
In order to avoid confusion, let 〈 f , A, 〉⊕ = {g ∈ C(⊕ Xα): | f (x) − g(x)| <  ∀x ∈ A} where A is a support set in ⊕ Xα
and let 〈 f , A, 〉α = {g ∈ C(Xα): | f (x) − g(x)| <  ∀x ∈ A} where A is a support set in Xα . The α-th projection from
Π{Cs(Xα): α ∈ Λ} to Cs(Xα) is denoted by pα . Now it is routine to check that (i) s−1(p−1α (〈 f , A, 〉α)) = 〈 f ′, A, 〉⊕
where f ′ is any continuous extension of f from Xα to all of
⊕
Xα and (ii) s(〈 f , A, 〉⊕) = p−1α1 (〈 f1, A1, 〉α1 ) ∩ · · · ∩
p−1αn (〈 fn, An, 〉αn ) where f i = f |Xαi , Ai = A ∩ Xαi 	= ∅ for 1  i  n and A ∩ Xα = ∅ for α ∈ Λ \ {α1, . . . ,αn}. It is obvi-
ous from (i) and (ii) that s is a continuous as well as an open map. 
Now we give the deﬁnition of submetrizability and some immediate consequences of this property.
Deﬁnition 2.3. A Tychonoff space (X, τ ) is called submetrizable if X admits a weaker metrizable topology, equivalently if
there exists a one-to-one continuous map f : (X, τ ) → (Y ,d) where (Y ,d) is a metric space.
Remarks 2.4. (i) If a space X has a Gδ-diagonal, that is, if the set {(x, x): x ∈ X} is a Gδ-set in the product space X × X , then
every point in X is a Gδ-set. Note that every metrizable space has a zero-set diagonal. Consequently, every submetrizable
space has also a zero-set diagonal.
(ii) Every pseudocompact set in a submetrizable space is a Gδ-set. In particular, all compact subsets, countably compact
subsets and the singletons are Gδ-sets in a submetrizable space. A space X is called a space of countable pseudocharacter if
every point in the space is a Gδ-set. In [4], such a space has been called an Eo-space. The submetrizable and ﬁrst countable
T1 spaces are of countable pseudocharacter. In particular, a space having a weaker ﬁrst countable T1-topology is of countable
pseudocharacter.
For details on submetrizable spaces, see [12].
Theorem 2.5. For any space X, the following assertions are equivalent.
(a) Cs(X) is submetrizable.
(b) Every pseudocompact subset of Cs(X) is a Gδ-set in Cs(X).
(c) Every countably compact subset of Cs(X) is a Gδ-set in Cs(X).
(d) Every compact subset of Cs(X) is a Gδ-set in Cs(X).
(e) Cs(X) is of countable pseudocharacter.
(f) X is an almost σ -support space, that is, there exists a sequence {Kn} of support sets in X such that⋃∞n=1 Kn is dense in X.
(g) Cs(X) has a zero-set diagonal.
(h) Cs(X) has a Gδ-diagonal.
(i) Cs(X) has a weaker ﬁrst countable T1-topology.
Proof. (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e). These are all immediate.
(e) ⇒ (f). If Cs(X) is of countable pseudocharacter, then the constant zero-function 0 deﬁned on X is a Gδ-set. Let {0} =⋂∞
n=1〈0, Kn, n〉 where each Kn is a support set in X and n > 0. We claim that X =
⋃∞
n=1 Kn . Suppose that x0 ∈ X \
⋃∞
n=1 Kn .
So there exists a continuous function f : X → [0,1] such that f (x) = 0 for all x ∈⋃∞n=1 Kn and f (x0) = 1. Since f (x) = 0 for
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reach a contradiction and hence conclude that X is an almost σ -support space.
(f) ⇒ (a). Let ⋃{Kn: n ∈ N} be a dense subset of X where each Kn is a support set in X . Let S =⊕{Kn: n ∈ N} be
the topological sum of the family {Kn: n ∈ N} and let φ : S → X be the natural map. Then the induced map φ∗ : Cs(X) →
Cs(S) deﬁned by φ∗( f ) = f ◦ φ is continuous. Since φ(S) is dense in X , by Theorem 2.2.6(a) in [20], φ∗ is one-to-one. By
Theorem 2.2, Cs(S) is homeomorphic to Π{Cs(Kn): n ∈N}. But each Cs(Kn) is (completely) metrizable, since the supremum
metric generates the support-open topology whenever the domain is a support space, see Corollary 3.2 in [16]. Hence
Π{Cs(Kn): n ∈N} is (completely) metrizable and consequently Cs(X) is submetrizable.
By Remarks 2.4, (a) ⇒ (g) ⇒ (h) ⇒ (e) and (i) ⇒ (e). 
Our next goal is to show that there are several topological properties which are equivalent to the metrizability of Cs(X).
So we ﬁrst deﬁne these topological properties.
Deﬁnitions 2.6. A subset S of a space X is said to have countable character if there is a sequence {Wn: n ∈ N} of open
subsets in X such that S ⊆ Wn for each n and if W is any open set containing S , then Wn ⊆ W for some n.
A space X is said to be of (pointwise) countable type if each (point) compact set is contained in a compact set having
countable character.
A π -base for a space X is a family of nonempty open sets in X such that every nonempty open set in X contains a
member of this family. A point x ∈ X is said to have a countable local π -base, if there exists a countable collection Bx of
nonempty open sets in X such that each neighborhood of x contains some member of Bx . If each point of X has a countable
local π -base, then X is said to have countable π -character. This is clearly weaker than ﬁrst countability. Also it is clear that
if a space X has a countable π -base, then it has countable π -character.
A map d : X × X → R+ = {x ∈ R: x  0} is called a semimetric on X if d satisﬁes (i) d(x, y) = 0 if and only if x = y
and (ii) d(x, y) = d(y, x). Like a metric, a semimetric generates a topology on X . A space X is semimetrizable if X admits a
semimetric compatible with its topology.
A space X is called locally metrizable if each point x in X has a neighborhood U which is metrizable.
A space X is an r-space if each point of X has a sequence {Vn: n ∈ N} of neighborhoods with the property that if xn ∈ Vn
for each n, then the set {xn: n ∈N} is contained in a compact subset of X . A property weaker than being an r-space is that
of being a q-space. A space X is a q-space if for each point x ∈ X , there exists a sequence {Un: n ∈ N} of neighborhoods of
x such that if xn ∈ Un for each n, then {xn: n ∈ N} has a cluster point. Another property stronger than being a q-space is
that of being an M-space, which can be characterized as a space that can be mapped onto a metric space by a quasi-perfect
map (a continuous closed map in which inverse images of points are countably compact).
A space of pointwise countable type is an r-space and a metrizable space is of countable type.
For more details on the properties discussed above, see [2,22,27,30].
A space X is called compactly supported if every compact subset of X is contained in a support set in X . On the other
hand, X is called a hemicompact (hemisupport) space if there exists a countable family of compact (support) sets in X such
that each compact (support) set in X is contained in some member of this countable family.
In order to relate the metrizability of Cs(X) with the topological properties discussed above, we need the following
lemma, the proof of which is omitted.
Lemma 2.7. Let D be a dense subset of a space X, K be a compact subset of D and x ∈ D. Then
(a) x has a countable local π -base in D if and only if x has a countable local π -base in X.
(b) D has a countable π -base if and only if X has a countable π -base.
(c) K has countable character in D if and only if K has countable character in X.
Note that since Cs(X) is a locally convex space, it is a homogeneous space. So the previous lemma can be used to prove
the following result.
Proposition 2.8. For any space X,
(a) Cs(X) has countable π -character if and only if Cs(X) contains a dense subspace which has countable π -character.
(b) Cs(X) is of pointwise countable type if and only if Cs(X) has a dense subspace of pointwise countable type.
Theorem 2.9. For any space X, the following assertions are equivalent.
(a) Cs(X) is metrizable.
(b) Cs(X) is ﬁrst countable.
(c) Cs(X) has countable π -character.
(d) Cs(X) contains a dense subspace which has countable π -character.
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(f) Cs(X) is locally metrizable.
(g) Cs(X) contains a nonempty open metrizable subspace.
(h) Cs(X) is of countable type.
(i) Cs(X) is of pointwise countable type.
(j) Cs(X) has a dense subspace of pointwise countable type.
(k) Cs(X) is an M-space.
(l) Cs(X) is an r-space.
(m) Cs(X) is a q-space.
(n) X is a hemisupport space.
(o) X is a compactly supported hemicompact space.
(p) Cs(X) = Ck(X) and Ck(X) is metrizable.
Proof. From the earlier discussions, we have (a) ⇒ (h) ⇒ (i) ⇒ (l) ⇒ (m) and (a) ⇒ (k) ⇒ (m). Also (a) ⇒ (e) ⇒ (b),
(f) ⇒ (g), (a) ⇒ (f) ⇒ (b) and (p) ⇒ (a) are all immediate.
By Proposition 2.8, (c) ⇔ (d) and (i) ⇔ (j) and by Theorem 4.2 in [16], (a), (n) and (o) are equivalent. Since Cs(X) is a
topological group with respect to addition, by Birkhoff–Kakutani theorem (see Theorem 3.3.12 in [3, p. 155]), (a) ⇔ (b). Also
by Proposition 5.2.6 in [3, p. 298], (b) ⇔ (c).
(m) ⇒ (n). Suppose that Cs(X) is a q-space. Hence there exists a sequence {Un: n ∈ N} of neighborhoods of the zero-
function 0 in Cs(X) such that if fn ∈ Un for each n, then { fn: n ∈ N} has a cluster point in Cs(X). Now for each n, there
exist a support set Kn in X and n > 0 such that 0 ∈ 〈0, Kn, n〉 ⊆ Un .
Let K be a support set in X . If possible, suppose that K is not a subset of Kn for any n ∈ N. Then for each n ∈ N, there
exists an ∈ K \ Kn . So for each n ∈ N, there exists a continuous function fn : X → [0,1] such that fn(an) = n and fn(x) = 0
for all x ∈ Kn . It is clear that fn ∈ 〈0, Kn, n〉. But the sequence { fn}n∈N does not have a cluster point in Cs(X). If possible,
suppose that this sequence has a cluster point f in Cs(X). Then for each k ∈ N, there exists a positive integer nk > k such
that fnk ∈ 〈 f , K ,1〉. So for all k ∈ N, f (ank ) > fnk (ank ) − 1 = nk − 1 k. But this means that f is unbounded on the compact
set K . So the sequence { fn}n∈N cannot have a cluster point in Cs(X) and consequently Cs(X) fails to be a q-space. Hence X
must be a hemisupport space.
(g) ⇒ (f). Let W be a nonempty open set in Cs(X) such that W is metrizable. Let h ∈ W and f ∈ Cs(X). Consider the
map ψ : Cs(X) → Cs(X) deﬁned by ψ(g) = g + f −h ∀g ∈ C(X). Then ψ is a homeomorphism and f ∈ ψ(W ). But W being
metrizable and open in Cs(X), ψ(W ) is also metrizable and open in Cs(X). Hence Cs(X) is locally metrizable.
(o) ⇔ (p). By Theorem 3.1 in [16], X is compactly supported if and only if the compact-open and support-open topologies
on C(X) coincide. Also it is well known that Ck(X) is metrizable if and only if X is hemicompact, see Theorem 4.4.2
in [20]. 
Example 2.10. ([16, Example 4.4]) Since N∗ is compact, Ck(N∗) is metrizable. But since N∗ does not have the ccc (see
Theorem 3.22 in [32]), N∗ is not a support space. Consequently N∗ is not compactly supported and hence Cs(N∗) is not
metrizable.
3. Completeness properties of Cs(X)
In this section, we study various kinds of completeness of Cs(X). Already the complete metrizability of Cs(X) has been
studied in [16]. But here we study the complete metrizability of Cs(X) in a wider setting, more precisely, in relation to
several other completeness properties. So we ﬁrst recall the deﬁnitions of various kinds of completeness.
A topological group E is called complete provided that every Cauchy net in E converges to some element in E , where a
net (xα) in E is Cauchy if for every neighborhood U of 0 in E there is an α0 such that xα1 − xα2 ∈ U for all α1,α2  α0 (for
E additive).
The topology on Cs(X) is generated by the uniformity of uniform convergence on support sets. When this uniformity is
complete, then Cs(X) is said to be uniformly complete. One can check that Cs(X) is uniformly complete if and only if it is
complete as an additive topological group. Also Cs(X) is completely metrizable if and only is it is complete and metrizable
see [5, pp. 34, 36].
In order to characterize the uniform completeness of Cs(X) we need to talk about sR -spaces and s-spaces.
Deﬁnitions 3.1. A space X is called an sR -space provided that whenever f is a real-valued function on X such that f |A is
continuous for each support set A in X , then f is continuous.
A space X is called an s-space provided that whenever S is a subset of X such that S ∩ A is closed for every support set
in X , then S is closed.
It is evident that every sR -space is a kR -space and every s-space is a k-space. Also as every k-space is a kR -space, so is
every s-space an sR -space. Since a countable compact space is a support space, it is easily shown that every ﬁrst countable
space is an s-space.
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hence not an s-space. However if a k-space is compactly supported, then it is easy to show that it must be an s-space.
Now a hemicompact kR -space is a k-space. So a compactly supported, hemicompact kR -space is an s-space. Note that by
Theorem 2.9, a space X is hemisupport if and only if X is compactly supported and hemicompact. Hence a hemisupport
kR -space is an s-space.
It was shown by Warner in [33] that Ck(X) is complete if and only if X is a kR -space. For Cs(X), it has been shown in
[16] that Cs(X) is complete if and only if X is an sR -space.
Now we recall the deﬁnitions of other kinds of completeness we consider in this paper.
A space X is called Cˇech-complete if X is a Gδ-set in βX . A space X is called locally Cˇech-complete if every point
x ∈ X has a Cˇech-complete neighborhood. Another completeness property which is implied by Cˇech-completeness is that
of pseudocompleteness, introduced in [29]. This is a space having a sequence of π -bases {Bn: n ∈ N} such that whenever
Bn ∈ Bn , for each n and Bn+1 ⊆ Bn , then ⋂{Bn: n ∈N} 	= ∅.
In [1], it has been shown that a space having a dense Cˇech-complete space is pseudocomplete and a pseudocomplete
space is a Baire space. Also note that every locally Cˇech-complete space is an open continuous image of a Cˇech-complete
space, see 3.12.19(d) in [9, p. 237]. Since a locally Baire space is a Baire space, every locally Cˇech-complete space is a Baire
space.
In order to deal with sieve-completeness, partition-completeness and almost Cˇech-completeness, one needs to recall the
deﬁnitions of these concepts from [25]. The central idea of all these concepts is that of a complete sequence of subsets of X .
Let F and U be two collections of subsets of X . Then F is said to be controlled by U if for each U ∈ U , there exists
some F ∈ F such that F ⊆ U . A sequence (Un) of subsets of X is said to be complete if every ﬁlter base F on X which
is controlled by (Un) clusters at some x ∈ X . A sequence (Un) of collections of subsets of X is called complete if (Un) is a
complete sequence of subsets of X whenever Un ∈ Un for all n. It has been shown in Theorem 2.8 of [11] that the following
statements are equivalent for a Tychonoff space X : (a) X is a Gδ-subset of any Hausdorff space in which it is densely
embedded; (b) X has a complete sequence of open covers; and (c) X is Cˇech-complete. From this result, it easily follows
that a Tychonoff space X is Cˇech-complete if and only if X is a Gδ-subset of any Tychonoff space in which it is densely
embedded.
For the deﬁnitions of sieve, sieve-completeness and partition-completeness, see [6,25,26]. The term “sieve-complete” is
due to Michael [23], but the sieve-complete spaces were studied earlier under different names: as λb-spaces by Wicke
in [34], as spaces satisfying condition K by Wicke and Worrell Jr. in [35] and as monotonically Cˇech-complete spaces by
Chaber, Cˇoban and Nagami in [8]. Every space with a complete sequence of open covers is sieve-complete; the converse is
generally false, but it is true in paracompact spaces, see Remark 3.9 in [8] and Theorem 3.2 in [23]. So a Cˇech-complete
space is sieve-complete and a paracompact sieve-complete space is Cˇech-complete.
We call a collection U of subsets of X an almost-cover of X if ⋃U is dense in X . We call a space almost Cˇech-complete
if X has a complete sequence of open almost-covers. Such a space has been simply called almost complete in [25]. Every
almost Cˇech-complete space is a Baire space, see Proposition 4.5 in [25].
The property of being a Baire space is the weakest one among the completeness properties we consider here. Since
Cs(X) is a locally convex space, Cs(X) is a Baire space if and only if Cs(X) is of second category in itself. Also since a locally
convex Baire space is barreled, ﬁrst we ﬁnd two equivalent conditions in term of X for Cs(X) to be barreled. A locally
convex space X is called barreled (tonnelé) if each barrel in X is a neighborhood of 0. A subset E in a locally convex space X
is called a barrel (tonneau) if E is closed, convex, balanced and absorbing in X . The absorbing sets are also called absorbent.
For details on barreled spaces, see [28].
In order to state the next result, we need the following deﬁnition. A subset A of a space X is called bounded or relatively
pseudocompact if f (A) is bounded in R for all f ∈ C(X). It can be shown that a subset A of X is bounded if and only if
clβX A ⊆ υ X where υ X is the Hewitt real-compactiﬁcation of X . A space X is called a μ-space if every closed bounded
subset of X is compact. Obviously every real-compact space is a μ-space, but there are μ-spaces which are not real-
compact. For detailed remarks on bounded subsets, see [19].
Theorem 3.2. For a space X, the following statements are equivalent.
(a) Cs(X) is barreled.
(b) Every bounded subset of X is contained in a support subset of X .
(c) X is a compactly supported μ-space.
(d) Cs(X) = Ck(X) and Ck(X) is barreled.
Proof. (b) ⇒ (c) and (d) ⇒ (a). These are immediate.
(a) ⇒ (b). Let A be a bounded subset of X and let W = { f ∈ C(X): pA( f ) 1}, where pA( f ) = sup{| f (x)|: x ∈ A}. Then
it is routine to check that W is closed, convex, balanced and absorbing, that is, W is a barrel in Cs(X). Since Cs(X) is
barreled, W is a neighborhood of 0 and consequently there exist a support set K in X and  > 0 such that 〈0, K , 〉 ⊆ W .
We claim that A ⊆ K . If not, let x0 ∈ A \ K . So there exists a continuous function f : X → [0,2] such that f (x) = 0 ∀x ∈ K
and f (x0) = 2. Clearly f ∈ 〈0, K , 〉, but f /∈ W . Hence we must have A ⊆ K .
S. Kundu / Topology and its Applications 157 (2010) 1119–1126 1125(c) ⇒ (d). Since X is compactly supported, Cs(X) = Ck(X), and since X is a μ-space, by the well-known Nachbin–Shirota
theorem, Ck(X) is barreled. 
Theorem 3.3. For any space X, the following assertions are equivalent.
(a) Cs(X) is completely metrizable.
(b) Cs(X) is metrizable and Ck(X) is complete.
(c) Cs(X) = Ck(X) and Cs(X) is completely metrizable.
(d) Cs(X) is Cˇech-complete.
(e) Cs(X) is locally Cˇech-complete.
(f) Cs(X) is sieve-complete.
(g) Cs(X) is an open continuous image of a paracompact Cˇech-complete space.
(h) Cs(X) is an open continuous image of a Cˇech-complete space.
(i) Cs(X) is partition-complete.
(j) X is a hemisupport sR -space.
(k) X is a hemisupport s-space.
(l) X is a compactly supported hemicompact sR -space.
Proof. By Corollary 5.6 in [16], (a), (b), (c), (j) and (k) are equivalent. Also note that (c) ⇒ (d) ⇒ (e) and (a) ⇒ (g) ⇒ (h).
By Proposition 4.4 in [25], (d) ⇒ (f) ⇒ (i). Note (e) ⇒ (h), see 3.12.19(d) in [9, p. 237].
(h) ⇒ (a). A Cˇech-complete space is of pointwise countable type and the property of being pointwise countable type is
preserved by open continuous maps. Hence Cs(X) is of pointwise countable type and consequently by Theorem 2.9, Cs(X) is
metrizable and hence Cs(X) is paracompact. So by Pasynkov’s theorem (see 5.5.8(b) in [9, p. 341]), Cs(X) is Cˇech-complete.
But a Cˇech-complete metrizable space is completely metrizable.
(a) ⇔ (l). By Theorem 2.9, Cs(X) is metrizable if and only if X is a compactly supported hemicompact space. We have
already noted that Cs(X) is complete if and only if X is an sR -space. Also we have noted earlier that Cs(X) is completely
metrizable if and only if it is complete and metrizable.
(i) ⇒ (a). If Cs(X) is partition-complete, then by Propositions 4.4 and 4.7 in [25], Cs(X) contains a dense Cˇech-complete
subspace. But a Cˇech-complete space is of pointwise countable type. Hence by Theorem 2.9, Cs(X) is metrizable. But by
Theorem 1.5 in [24] and Proposition 2.1 in [25], a metrizable space is completely metrizable if and only if it is partition-
complete. Hence Cs(X) is completely metrizable. 
Example 3.4. Let I2L be the space [0,1]×[0,1] with the order topology from the lexicographic ordering. Now I2L is a compact
Hausdorff space that is ﬁrst countable and hence is an s-space. Since I2L does not have ccc, it is not a support space and
hence is not compactly supported. Note that Ck(I2L ) is completely metrizable, but Cs(I
2
L ) is not metrizable, though Cs(I
2
L ) is
complete. This example was given in [16].
In the last result of this paper, we extend the list of equivalent completeness properties given in Theorem 3.3, by
including the pseudocompleteness and almost Cˇech-completeness. In order to do this, ﬁrst we need to embed the space
Cs(X) in a larger locally convex function space. Recall that RX denotes the set of all real-valued functions deﬁned on X . Let
SC(X) = { f ∈ RX : f |A is continuous for each support subset A of X}. As in case of Cs(X), we can deﬁne the support-open
topology on SC(X) in three different ways. In particular, this is a locally convex Hausdorff topology on SC(X) generated
by the family of seminorms {pA: A is a support subset of X}, where for f ∈ SC(X), pA( f ) is deﬁned as follows: pA( f ) =
sup{| f (x)|: x ∈ A}.
We denote the space SC(X) with the support-open topology by SCs(X). Since every compact subset of X is C-imbedded
in X , Cs(X) is a dense subspace of SCs(X).
Theorem 3.5. For any space X, the following assertions are equivalent.
(a) Cs(X) is completely metrizable.
(b) Cs(X) is a pseudocomplete σ -space (a space having a σ -locally ﬁnite network is called a σ -space).
(c) Cs(X) is a pseudocomplete q-space.
(d) Cs(X) contains a dense completely metrizable subspace.
(e) Cs(X) contains a dense Cˇech-complete subspace.
(f) Cs(X) is almost Cˇech-complete.
Proof. (a) ⇒ (b) and (d) ⇒ (e). These are immediate.
(b) ⇒ (c). A Baire space, which is a σ -space as well, has a dense metrizable subspace, see [31]. So if Cs(X) is a pseu-
docomplete σ -space, then it contains a dense metrizable subspace. Since every metrizable space is of pointwise countable
type, by Theorem 2.9, Cs(X) is a q-space.
1126 S. Kundu / Topology and its Applications 157 (2010) 1119–1126(c) ⇒ (d). If Cs(X) is a q-space, then by Theorem 2.9, Cs(X) is metrizable. But a metrizable space is pseudocomplete if
and only if it contains a dense completely metrizable subspace, see [1, Corollary in 2.4].
(e) ⇔ (f). Follows from [25, Propositions 4.4, 4.7].
(e) ⇒ (a). For the proof of this implication, we use SC(X).
Suppose Cs(X) contains a dense Cˇech-complete subspace G . Then by Theorem 2.9, Cs(X) is metrizable. Now since C(X)
is dense in SCs(X), G is dense in SCs(X). This means SCs(X) contains a dense Baire subspace G . Hence SCs(X) is itself a
Baire space. Also since G is Cˇech-complete, G is a Gδ-set in SCs(X).
Let f ∈ SC(X). Deﬁne the map T f : SCs(X) → SCs(X) by T f (g) = f + g for all g ∈ SC(X). Since SCs(X) is a locally convex
space, T f is a homeomorphism and consequently T f (G) is a dense Gδ-subset of SCs(X). Since SCs(X) is a Baire space,
G ∩ T f (G) 	= ∅. Let h ∈ G ∩ T f (G). Then there exists g ∈ G such that h = f + g . So f = h − g ∈ C(X). Hence SC(X) = C(X),
that is, X is an sR -space. So Cs(X) is (uniformly) complete. But since Cs(X) is metrizable, it is completely metrizable. 
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